Based on a confined concrete model for concentric static loading, an analytical method is proposed to predict the behaviour of laterally confined concrete columns subjected to eccentric static loading. Theoretical predictions are verified against the experimental studies reported in the literature. Normal, medium and high-strength concrete were used. Although much research has been reported in the literature concerning eccentric loading of confined concrete columns, there exists a controversial issue about the effect of strain gradient. This method fully incorporates the effect of strain gradient on the lateral confining pressure exerted by transverse reinforcement. It includes modifications for coefficient of effectiveness, and the fact that cover concrete continues to carry load even after spalling. By incorporating the variables, which affect the moment curvature behaviour of laterally confined eccentrically loaded columns, the analytical procedure described here gives a superior alternative to use of a different stress-block for concrete under a strain gradient.
Notation
A core area of core of section A eff area of effectively confined core concrete A st total longitudinal steel area d s centre to centre distance between the transverse ties D a parameter added to fit the post peak shape of the concrete stress-strain curve f 9 c uniaxial compressive strength of concrete f 9 cc Peak stress of confined concrete f s steel stress e eccentricity E s secant value of Young's modulus of concrete E i initial Young's modulus of concrete E f secant value of Young's modulus at peak stress of concrete E 0 , E c initial and peak uniaxial secant value of Young's modulus of concrete E Young's modulus of steel E p plastic modulus of steel ( ffiffiffiffiffi J 2 p ) f square root of invariant at failure k e coefficient of effectiveness (k e < 1) m shape parameter of the stress strain curve of steel n number of longitudinal steel bars in columns P load s9 clear spacing between ties w i ith clear distance between longitudinal bars â non linearity index defined in equation (3) â l stress point at which ı a deviates from a constant value å 1 , å 2 axial and lateral strains of concrete å c axial strain corresponding to peak axial stress of unconfined concrete å cc axial strain corresponding to peak axial stress of confined concrete å s steel strain å t concrete strain in extreme compression side ö m curvature ó 0 reference plastic stress of steel ó 1 , ó 2 , ó 3 principal stresses (in this paper ó 1 > ó 2 ¼ ó 3 , compression positive)
Introduction
Strength and deformability improvements are important considerations in designing reinforced concrete columns, especially in the areas requiring design for seismic loading. These improvements can be carried out by the confinement of the core concrete. Lateral confinement with steel reinforcement is the traditional method adopted. A number of analytical models have been proposed in the literature, based on concentric loading on confined concrete columns. 1, 2, 3 The issue of concrete column ductility has become increasingly important with the introduction of highstrength concrete (HSC) with compressive strengths in the range 50-100 MPa. That ductility reduces with the increase in concrete compressive strength is an established fact, leading many research programmes to investigate methods of overcoming the constraints imposed by limited ductility. A number of reported works cover the experimental behaviour of HSC columns loaded in concentric and eccentric compression and several stress-strain relationships have been developed. A different approach was taken by a research team at Monash University 4 who studied the behaviour of HSC under triaxial compression and subsequently developed an analytical procedure for predicting the column stress-strain behaviour using a stress-strain model developed for active triaxial confinement. Although many research works have reported on the eccentric loading of confined concrete columns there remains the controversial issue about the effect of strain gradient. One group of researchers 5, 6 has shown that the use of stress-strain models developed for columns loaded in concentric compression can be used to predict the behaviour of eccentrically loaded columns. A second group 7, 8 observed that the stress-strain relationship of concrete under a strain gradient is different to that of uniaxial compression and then developed stress-strain models, that are specific for the flexural stress block under a strain gradient. A third, minor, group of researchers, 9 noted the effect of strain gradient in the section on the confinement provided by the lateral steel, which in turn affects the concrete stress at a given section. However, by arguing that the difference in confining pressures does not affect the predicted behaviour of the column considerably, this third group of researchers used an average confining pressure in establishing the stress-strain behaviour of concrete.
Based on a confined concrete model for concentric static loading developed by Candappa, 10 an analytical method is hereby proposed to predict the behaviour of laterally confined concrete columns subjected to eccentric static loading. The method fully incorporates the effect of strain gradient on the lateral confining pressure exerted by transverse reinforcement. It includes modifications for coefficient of effectiveness, and the fact that cover concrete continues to carry load even after spalling. Flexural analysis proposed here is verified using the experimental studies reported in the literature. 9, 11, 12 Experimental programme
Foster and Attard 12 reported on the investigation of 68 end-haunched square columns (150 cm). The specimens were categorised as 'L', 'M' and 'H' (low-, medium-and high-strength) according to the strength at the time of testing. In their study, strengths in the range 40-56 MPa were considered to be low strength; 75 Mpa to be medium strength; and 90 MPa to be highstrength concrete. However, in this study, compressive strengths over 50 MPa are considered to be HSC. Therefore all the 'medium-strength' and 'high-strength' series and some of 'low-strength' series of the Foster and Attard 11 study are considered to be HSC columns in this study. Each specimen was given a name, relating to the strength, reinforcement arrangement, eccentricity and the spacing of lateral reinforcement. For example specimen 2M20-60 has a 2% longitudinal reinforcement, medium-strength concrete was used, had an initial eccentricity of 20 mm and a centre-to-centre tie spacing of 60 mm. The dimensions and details of the reinforcement arrangements for the tested columns are given in Table 1 and Fig. 1(a) . Dimension B was 150 mm in the Foster and Attard 12 study. Both low-and a number of medium-strength columns were tested in a Baldwin 2000 kN displacement controlled testing machine. It was observed that the testing machine did not have the stiffness required to obtain the descending curve for medium-strength concrete. Therefore testing was later moved onto fabricated stiff testing frame. Loading was either stopped or decreased to make sure the lateral displacement stability. By doing this, it was possible to obtain the descending branches for a number of the medium strength and some of the highstrength columns. A very slow loading rate was used. Saatcioglu et al. 9 conducted an experimental programme for 12 square columns (210 mm) with two different levels of end eccentricity (60 and 75 mm) and two different tie spacings (50 and 100 mm). The tested specimens had compressive strengths in the range 25-35 MPa. Details of the specimens are also given in Table 1 and Fig. 1 
Stress-strain model for concrete
Typical stress strain relationship for confined and unconfined concrete is illustrated in Fig. 2 . Stress based model used here for concrete confined by square transverse ties, includes the basic non-linear elastic relationships
where, ó 1 is the axial stress, ó 2 ¼ ó 3 is the effective lateral confining pressure, í a is secant value of Poisson's ratio for the ascending branch, E s is secant value of Young's modulus and å 1 , å 2 are axial and lateral strains respectively.
Secant value of Poisson's ratio for the ascending branch (í a ) is defined as
( 2) where non-linearity index â is defined as
f 9 cc being the peak stress of confined concrete
f 9 c being the strength of unconfined concrete, and
Secant value of Young's modulus (E s ) was modelled first by Ottosen 13 as in equation (7) E
where, E i is the initial Young's modulus, E f is the secant value of Young's modulus at peak stress which is defined as
E 0 and E c being the initial and peak uniaxial secant value of Young's modulus respectively and ( ffiffiffiffiffi J 2 p ) f is the square root of invariant at failure.
D is a parameter added to fit the post-peak shape of the curve and defined as
The ability to predict both axial and lateral stressstrain behaviour under triaxial conditions is a superior attribute of the model. The model has been calibrated with experimental behaviour of high and normal strength concrete under active triaxial confinement as well as behaviour of laterally confined HSC columns under concentric loading. 10 
Cover concrete
In analytical modelling of column behaviour, the treatment of cover concrete needs careful consideration. If the uniaxial stress-strain curve for HSC is used, cover concrete ceases to be effective after the peak stress in uniaxial compression.
Tests on conventional-strength concrete columns by Sheikh and Uzumeri, 14 suggest that the cover continues to carry load even after the peak compressive stress is proposed as 0·15 for unconfined concrete which is a reasonable value compared with those suggested by Ottosen. 13 It incorporates the fact that cover concrete continues to carry load after spalling. Equations (1)- (9) demonstrate the stress-strain behaviour of concrete column subjected to passive confinement as well as active confinement.
Effective lateral confining pressure
After the cover concrete spalls off, the confining restraint provided by the ties is activated. With the increasing load, this confining pressure increases gradually up to a maximum value, which corresponds to the yielding of the ties. As shown by many researchers in the literature, confining pressure provided by the ties dissipates between the longitudinal bars in the plane of cross section of the specimen and between the ties in the longitudinal direction. As a result a portion of the core area is effectively confined. Therefore
where A eff is the effectively confined core area, k e is the coefficient of effectiveness, k e < 1, and A core is the area of core (normally defined as the area enclosed by the perimeter of the centerline of ties). There have been different definitions for the coefficient of effectiveness, k e , reported in literature. Confining pressure distribution is assumed to be a parabolic arch between the longitudinal bars as well as between the transverse ties, with an initial tangent of 458.
For a square column, the coefficient of effectiveness at the tie level, k e1 , can be expressed as
where w i is the ith clear distance between longitudinal bars, n is the number of longitudinal bars, d s is centre to centre distance between the transverse ties and A s t is the total longitudinal steel area. It will be at its minimum at the tie level and gradually increase in the longitudinal direction up to the midway between ties (Fig. 3) . The coefficient of effectiveness midway between transverse ties, k e2 , can be expressed as
where s9 is the clear spacing between ties. It will be at its minimum at midway between the ties and gradually increase in the longitudinal direction towards the tie level.
There have been different suggestions for the effectiveness of confining concrete, which will dominate the strength of the concrete column after spalling. Following the concept proposed by Sheikh and Uzumeri, 1 researchers have proposed expressions for confining effect which are similar to equations (11) and (12) 15, 16 or a combination of those two equations.
2,15,17 Attard and Foster 11 suggested that the confining pressure would be dominated by the larger of the values given by equations (11) and (12) . It is proposed that the confining effect will be governed by either the spacing and number of longitudinal bars or the spacing of the transverse ties. There will be no confining effect in the ascending branch of the load-curvature curve, k e ¼ 1, and it will be activated after spalling. In the descending branch of the curve, there will be a point where the transverse steel yields (k e ¼ k Ã e , minimum of either k e1 or k e2 ). Beyond that point in the descending branch, there will be a uniform confining pressure applied by the transverse steel. Between spalling and the time of yielding of transverse steel, the coefficient of effectiveness is assumed to be varying between 1 and k Ã e .
Effect of strain gradient
The effect of strain gradient has to be included in the stress-strain model for confined concrete columns as it is developed based on the tests on concentrically loaded columns. If the cross section of the column is divided into a number of strips, the lateral strain in each strip is varied when there is a strain gradient (Fig. 4) . The lateral strain is dependent on the axial stress and the stress-strain relationship of confining steel. Using an iterative procedure, the confining pressure provided by transverse steel to each strip is calculated, which in turn is used to calculate the corresponding strain in steel. The average steel strain and the corresponding pressure exerted by the ties are then calculated.
Stress-strain model for steel
Poh 18 has defined the relationship between steel stress, f s , and steel strain, å s , as
where, E is Young's modulus, E p is plastic modulus, ó 0 is a reference plastic stress and m is the shape parameter of the stress-strain curve. When predicting the load-curvature curves of Attard and Foster 11 these parameters are changed in order to get the same experimental stress-strain curves for steel observed by them.
Load deformation analysis
The load deformation relations for square columns subjected to combined axial load and flexure are obtained assuming that plane sections remain plane after bending and using the stress-strain relationships for
Fig. 4 . Lateral pressure and the strain gradient 9 concrete and steel as described by equations (1)- (13) . Perfect bond between the longitudinal steel and the concrete was assumed, therefore it is possible to calculate the strain of the longitudinal steel as that of the surrounding concrete at the same distance from the neutral axis. In the tensile zone of the cross section, only tension steel resist, the tensile forces and concrete does not resist any tensile force. The section is seperated into a number of strips. With the assigned strain distribution, which is defined by curvature, ö m , and strain in extreme compression side, å t , stresses in core, cover and reinforcement in each strip are calculated using corresponding stress strain curves. In order to calculate points on the loadcurvature curve, P m , ö m , for a specified eccentricity, e Ã , the strain on the extreme compression side is iterated to satisfy the equilibrium condition, e specified (e Ã ) ¼ e calculated . According to the experiments carried out by Attard and Foster, 11 eccentricity at peak load is always higher than initial eccentricity (Table 1 ). This occurs due to the specimen deflections near failure. Therefore in the analysis of the columns reported by them it is assumed that eccentricity varies linearly from the initial eccentricity to the eccentricity at peak load and it then remains constant. Load deformation analysis described was conducted for the eccentrically loaded high-and normal-strength concrete columns reported by Attard and Foster 11 . Ductility of the columns was evaluated using the two definitions given below.
Ductility measurement
A commonly used definition for the ductility factor is 'the ratio of the deformation of the section at the end to the deformation at the beginning of the plastic plateau of a force versus deformation curve'. The definition has sometimes been modified as 'the ratio of curvature corresponding to 80% of the moment capacity on the descending portion of the moment curvature curve and the curvature corresponding to the 80% of moment capacity on the ascending portion of the moment curvature curve'. Foster and Attard 12 suggest a definition for combined ductility ratio by considering the work done by a force applied at an eccentricity. It uses load, P, versus average strain + curvature 3 eccentricity, î, curve.
Predicted behaviour
Attard and Foster 11 investigated 68 square specimens but only 30 were giving the complete ascending and descending branches of the experimental stress-strain curves. They have discussed that this happened due to the limitations of the experiment. Therefore in the present study, only those 30 experimental observations were compared with the presented theoretical analysis.
Among the 30 tests, six of the results showed no variation of experimental stress-strain curves with the variation of spacing of lateral reinforcement, when the longitudinal reinforcement details and the eccentricity were kept constant. Therefore a further six tests were not included in the presented comparisons. Consequently 24 specimens were compared for the experimental and theoretical behaviour. Due to the limited length of this paper the comparisons are only shown for 12 specimens. However, the reliability of the analysis was assessed using 24 specimens. The 12 comparisons shown in the paper were selected to be representative of the sample in terms of the eccentricity, strength, etc. rather than the agreement between the theoretical and experimental results. Fig. 5(a) and Fig. 5(b) show the experimental and theoretical load versus average strain + curvature 3 eccentricity curves for the eccentrically loaded columns reported by Attard and Foster.
11
Experimental and predicted ductility and peak load values are given in Table 2 .
There have been three different ideas of the effect of strain gradient in eccentrically loaded confined concrete columns. However only Saatcioglu et al. 9 incorporated the significance of strain gradient in their analysis. Therefore their analytical procedure is used in this study to compare the experimental and proposed results. The analytical model for confined concrete was based on average confining pressure and the descending branch was a straight line. They reported the same rate of strength decay after the peak load regardless of the reinforcement arrangement. Fig. 6 shows the moment curvature curves for the selected specimens from the 12 column tests conducted by them.
Discussion
It is generally observed that the experimental curves and theoretical curves match well in terms of peak load, shape of the curve and ductility for most of the medium-strength concrete column tests by Attard and Foster. 11 However, the experimental behaviour of the one HSC column does not agree well with the predicted behaviour. It is noted that the reported experimental curve has a straight portion just after the peak stress, which may indicate that the loading machine was unable to follow the specimen for a short while. In such a situation, loss of some data points may lead to a sharp change in direction of the measured load strain curves.
Comparison of theoretical predictions and experimental results of Saatcioglu et al. 9 column tests validates the proposed model for normal-strength concrete. Proposed theoretical predictions are compared with the analytical procedure of Saatcioglu et al. 9 Saatcioglu et al. 9 used an average uniform confining pressure in the stress-strain model for confined concrete. It corresponds to the yielding of transverse reinforcement, but in reality, confining pressure changes with the increasing lateral dilation of concrete and finally reaches a maximum value. Confinement provided by transverse steel is a function of lateral expansion of concrete. The stress-strain model presented in this paper has been calibrated using triaxial test results, which are conducted under well-controlled conditions, where direct measurement of axial and lateral strains has been possible. Ability to predict the axial as well as lateral strains in confined concrete is a superior attribute of the proposed model. The model has been shown to predict the behaviour of concentrically loaded HSC columns previously (Candappa 10 ). In this paper, the applicability of the proposed model in predicting the behaviour under a strain gradient has been clearly indicated. The other models were based on column test results. The stress-strain models were back-calculated from the column results and therefore subjected to many assumptions involved in the back-calculations. In this sense, the triaxial test results are 'pure' as they directly measure the behaviour of confined concrete. The proposed model is compared with previous model proposed by Saatcioglu et al. 9 A quantitative comparison has been done in terms of peak load and ductility levels. It is evident that the methodology adopted by Saatcioglu et al. 9 gives a reasonable prediction of experimental stress-strain curves of low-strength concrete columns whereas predicted behaviour of high-and medium-strength concrete columns indicate much higher ductility than the experimental values. This can be attributed to the inadequacy of accounting for the reduction of lateral dilation under axial load, with increase in compressive strength, when using an average confining pressure as carried out by these researchers. Therefore by incorporating the variables, which affect the moment curvature behaviour of laterally-confined eccentrically-loaded columns, the analytical procedure described here gives a superior alternative to the use of a different stress-block for concrete under a strain gradient. The proposed analysis is of academic interest and has practical implications. The academic interest is mainly to develop a constitutive model based on triaxial tests, which are fundamentally more solid than models that are back-calculated from columns tests. The practical implications are that this model, based on triaxial tests, is more likely to work for a wide range of columns configurations and sizes than the models back calculated from columns tests, which may not work for columns which are significantly different from the original test configurations. Furthermore, the proposed methodology can be generalised for many other applications such as column-slab joints where joint concrete is confined by surrounding slab concrete (Lokuge et al. 20 ).
Conclusion
The proposed analytical procedure to model loaddeformation behaviour of eccentrically-loaded HSC 2L20-30  750  732  743  1·50  2·61  2·8  3·91  4·2  2L20-60  700  742  735  3·95  3·17  2·6  2·41  3·6  2L50-30  440  405  433  4·36  3·65  2·4  2·8  3·2  2L50-120  440  392  376  2·76  2·79  2·3  4·15  3·1  4L8-60  1150  1083  1006  2·5  4·77  2·7  6·48  5·2  4L20-120R  945  936  894  1·86  2·41  3·4  3·93  5·8  4L50-60  550  485  524  3·26  4·25  2·3  6·74  3·1  2M20- columns complements the experimental work reported by Attard and Foster 11 and Saatcioglu et al. 9 The stress-strain model proposed by Candappa et al. 4 is more effective in such analysis as it can predict both axial and lateral strain of confined concrete. Effect of strain gradient is taken into account by dividing the section into strips, each of which is assigned a different confining pressure corresponding to the lateral strain experienced by the strip. An average confining pressure is calculated using the strains experienced by steel in each and every strip. Confining pressure increases with the increasing lateral dilation of concrete and reaches a maximum corresponding to the yield of transverse reinforcement. It is assumed that cover concrete does not spall off at the peak stress, but gradually deteriorates. Confinement effectiveness is estimated by assuming an effective area of confinement. Proposed theoretical procedure predicts more accurate results as it uses the confining pressure applied by lateral steel which changes with lateral dilation of concrete.
